Rationality of generating functions of rook polynomials and 
permanents of Kronecker products of Toeplitz matrices and 
circulants with the matrix Jy, and their evaluation. I. 

A.M. Kamenetsky 
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Abstract 

In this paper we give a generalization created by author theory of the rook polynomials 
and permanents of circulants, Toeplits matrices and their submatrices. Let 



1 , if j — i = 1( mod n) 
0, j — i ^ 1( mod n). 



1, \ij-i = k, 

r, 

0, if j - i ^ fc, 
Let = . . . ,i (I times), let 

G? ] = {(1'V . . , *)| < U< k, 1 < i < t}, Gf] = {(l <Zl> , • • • , e Gf )| E = 

i=i 

let ^4) be the rook polynomial of a rectangular matrix A over a commutative ring 
with unity. On the sets and we define the square matrices irj fc '(ao, ai, • • • , at) 
and nrt( a 0) a i) • • • i a t), respectively. If X is a finite set of cardinality n then we denote 
by L (in the context of the concrete set X under consideration) a fixed bijection from X 
onto N n = {1,2,... , n}. Let Jt denote the k x k matrix of l's. Let {a} be a multiset 
composed from components of a vector a. 

The basic results obtained in this paper are following. Let ^ r ^ t, (X — y 2 Ob — > > > 
. . . , a_ r +t be elements in a commutative ring with unity. Then for all n ^ 1 

R (x; [J2a-r+iTt r+i n ® J k ) = 



vi=0 



(lifj*-' (a- r a;, a-r+ix, . . . ,a_ r+t x)) n [L(l 



n IT /'I <fc> 



)|L(7)], 



7fcU! = rfc <-»M 



{7}3{l <fc> ,2 <fc> ,...,r <fc> } 
t 



/.' .r: X/' 



J fc I = Tr((ifj fcl (a_ r x,a_ r+ ix, . . . ,a_ r+t x)) n ) 



vi=0 



per X a-r+i^ 



■r+i) 



a=0 



n rfct( a -r) a -r+l, • • • , O-r+t) ) [ L (l 



i <fc> 



„<fc>\|T (-\ < k > 



)|L(l <fe ' 



per ]T 



\ kt 

Jk ) = ^ ( TC (( n | fc t ] ( a -r,a-r+l, • • • ,a-r+t)) )) 



Key words: rook polynomials, permanents, circulants, Toeplitz matrices. 

It is well known that entire classical theory of enumeration of permutations with restricted 
positions, ascending still to L. Euler (1708), P. R. Montmort (1713), P. G. Tait, A. Cayley, 
T. Muir (1878), E. Lucas (1891), J. Touchard (1934) and I. Kaplansky (1943), to reduce to 
evalution of rook polynomials and permanents of (0, 1) Toeplitz matrices and (0,1) circulant 
matrices. 

Really, let Z be the ring of rational integers, S be a finite subset of the set Z, Sym(n) be 
the symmetric group of substitutions of the set 1,2, ... ,n, 

A = {a G Sym(n) | a(i) — % G S for all i, 1 ^ i ^ n}, 
B = {a G Sym(n) | a(i) - i £ S for alii, 1 ^ i < n}, 
C = {a G Sym(n) | a(i) — i G S + nZ for alH, 1 ^ i ^ n}, 
D = {a G Sym(n) | a(i) — i S + nZ for alii, 1 ^ i ^ n}. 

Then \A\ = per( £ T^) , |S| = per(j n - £ T^) for all n ^ 1 and |C| = per( £ i*Y |D| = 

= per ( J n — P l n J , for all n ^ (max 5 — min S) + l, where T$ and P n defined down. Further, 

ies ' 



if A is an m x n matrix with m ^ n and the rook polynomial of A is i?(x; A) — 1 + ^2 r i(A)x\ 

i=i 

m 

then per(yj m)n - A) = El- 1 )* O ("i - i)! r,(A) • y m ~ s , where r (A) = 1 and J m> „ denote the 

i=0 

m x n matrix of l's. 

The present paper is a generalization being created by the author theory ([1], [2], [3]) of 
the permanents and the rook polynomials of general circulants, Toeplitz matrices and their 
submatrices. 

Let lnj(S, X) be the set of injections of a set S into a set X. Let A = (ajj)i<^ m be a 
rectangular matrix over a commutative ring with unity, let m ^ n, let 

m 

R(x; z; A) = 1 + x k E E * H II W 

fc=l SCW mCT eInj(S,JV„) i€5 
|S|=fc 

be the cycle rook polynomial of the matrix A, let per(z; A) = Yl < 2 ' fT ' Yl a i,<r(*) ^ e 
the cycle permanent of the matrix A, let R(x; A) = R(x; 1; A) and per (A) = per(l; A), where 
\a\ is the number of cycles of the injective mapping a, and let N m = {1,2, ... ,m}. Let 
T^ k) = (bij) 1<id<n , and P n = (c id ) 1<id<n , where 

1, if j — i — k, | 1, if j — % = 1 (mod n), 



Let m,a(i) be the number of components of a vector a equal to i, let — . . . ,i (I times), 
and let 

G [k] = {(i<ii> > 2 <fa> > . . . ; t (h)) \ 0^l t ^k,l^t^t}, 
Gf} = {(l<^,2< fa >, . . . G GP I J> = r}, < r < kt. 



i=i 



Then 



IGlfJl = Coef(l +1 + ••• + !*)' 



A +Ai+-+A fc =t 
Ai+2A 2 +-+fcA fe =r 



[fc+l] / 



ft + r -l(k + l) - 1 
t- 1 



|Gf | = (fc + l)<. 

On the set Gf] we define the square matrix nj, fe J(a , a 1 , . . . , a t ) = (aaj3)cf,/3gG(. fc l as follows: 
nfj, = fc!ag; if t ^ 1, a = (l^), 2< ,2 >, ... ,*<'«>) G then 

( lt + «J £) © • • • fcK^" 2 V * . . . a?_~M, 

t-i 

1 ^ i ^ t - 1, J^Pi ^ k ~ l t, 
1=1 

1 otherwise. 



On the set Gf 1 we define the square matrix 7f| fc l(ao, ai, . . . , at) = {^^aipeG^ as foH° ws: 
K^(a ) = Ed!© 2 4 If t ^ 1, a = (l< ,1 >,2< fa >,...,t< , *>) G Gf , then 



i=l * 



= < 



min(it,fc— v) 
d=0 

t-i 

< Pi < Zi, 1 < « ^ £ - 1, XI ^ < t> < k, 

i=l 



. . . , iCt-i-pt-i)) 5 



> otherwise. 

Let {a} be a multiset, consisting from the components of a vector a. If X is a finite set 
of cardinality n then we denote by symbol L (in the context of the concrete set X under 
consideration) a fixed bijection from X onto N n . Let Jk be the square matrix of order k, 
with all elements equal to 1. If a — (x±, X2, ■ ■ ■ , x m ) G Z m , k,n G Z, then, by definition, 



Theorem 1. Let t ^ 0, let a , a\, . . . , a t be elements in a commutative ring with unity, let 
n ^ 1 and k^l, let (3 e G^,^, let m = min(n, t). Then for all a e G[ k ^ 

R^x; (JjbaiTft?) ® J^J [N nk \ k(l< k ~ m ^ , 2^~ m ^\ . . . , m< fc -"*< ro »), 

mk + 1, mk + 2, . . . , nk, nk + ka]*j = 

min(n,t) , . — 1\ min(n,t) , i \\ 

n (4o) s n :i:)-(^(^ ai x,...a (I ))»[L (5 )iL W ]. 

i=l \ p\ U J ^ eG \k] i=l \ P v " 

{-}={« 

Theorem 2. Zet t ^ 0, Ze£ ao ; Oi> ■ • • , a t be elements in a commutative ring with unity, let 
n ^ 1 and k ^ 1, let ^ r ^ min(n, t) 7 Zei /3 G Cr{.*min(ji,t)> /et m = min(n, t). Then for all 
aeGf} 

per ® ■/*) [Nnk I fc(l< fc "™?< 1 )>,2<*- m ?< 2 )>, . . . ,m^ (m)> ), 

m/c + 1, m/c + 2, . . . , n/c, nA; + ka\ ^ = 

Vin(n,t) , . _A 

II ( m _ ( ,)J I ( n S(°o, ai, • • • , a t )) n [L(a) | L(/3)]. 

Theorem 3. Let ^ r ^t, let a- r , a_ r +i, • ■ • , d- r +t ^ e elements in a commutative ring with 
unity. Then for all n ^ 1 



E (K] fc l(«-ra:,a_ r+1 x,...,a_ r+ ^))«[L(l< fe ),2W,...,rW) | Lfy)], 

{-}D{l< fe >,2«,...,r< fc >} 



per( (E«-r + ^- r+i) )® J, 



i=0 

(a_., a_ r+1 , . . . , a_ r+t ))"[L(l^, 2< fc \ . . . , r< fc >) | L(l< fe \ 2< fc \ . . . , r< fc >)], 



rfc,t 

i 

=0 

t \ \ kt 



i? x; E a- r+ ,P n " r+i J ® J* = Tr((KW(a_ r x, a_ r+1 x, . . . , a_ r+t a;)) n ), 



per E a_ r+ ^P- r+ * ® J fc = E(Tr((ni fc l(a_ r , a_ r+1 , . . . , a_ r+t )) n )) 



=o 

k 



Theorem 4. per((a /„ + a 1 P n ) ® J k ) = {k\) n E ffl {a k o~ l a[Y M «^ n>\. 

1=0 

Proof Since nj fc J(a ,a!) = k\{\) < l < fc, then from the theorem 3 it follows that 

perffanL, + a^P n ) <S> Jk) — 



Let t ^ 1 and ^ r ^ t, let a_ r , a_ r+ i, . . . , a_ r+t be elements in a commutative ring with 



kt 



1 fct 



unity, let ai_ = 1, let WjJ = |(a, /3) G |-r, -r + 1, . . . , -r + t, ^ j x {0, 1, . . . , fc — 1}' 
a = (a , «i, • • • , (Xkt-i), P = (k, h, ■ ■ ■ , kt-i), the mapping ks + i -> fc(s + a fcs+i ) + 
O^s^t — 1, ^ i ^ fc — 1, of the set {0, 1, ... , kt — 1} is injective; if a ks+i = j^, then l ks+i = i j, 
letV$ = {(aj) g {-r, -r + 1, . . . , -r + t} kt x {0, 1, . . . , k - l} kt \ a = (a , a u . . . , aw-OJ = 
= (Z , l ± , . . . , lkt-i), the mapping ks + i — > fc(s + afc s+ j) + 4 s+i , ^ s ^t— 1,0 ^ i ^ — 1, of the 
set {0, 1, . . . , kt - 1} is injective j. Let A™(a_ r , a_ r+ i, . . . , a_ r+ t) = (a ( ^ )i(Ei?) ) ( ^ )i(Ei?)6 ^ 
be the square matrix of order with the elements a^^^^, where a = (a , a±, . . . , a k t-i), 

P = (l ,h, ■ ■ • e = (eo,£i, • • -,£fct-i), P = (Po,Pi, • • -,Pkt-i) defined as follows: 

if (a k , a k+ i, • • • , ajfct-i) = (e , e 1 , . . . , £fc( t _i)_i), 
Z fc+ i, . . . , Z w _i) = (po, Pi, • • • , Pfc(t-i)-i) and the mapping 
ks + % — > fc(s + a fes+ j) + Z fes+ j, O^s^t, O^i^fc — 1, of the set 
{0, 1, 2, . . . , fc(t + 1) - 1} is injective, where a' ks+i = a ks+i , l' ks+i = l ks+i , 
if ^ s ^ t - 1, ^ % ^ k - 1, and 

( a fct! a fct+l' • • • ' a fc(t+l)-l) = ( £ fc(t-l), £ fe(t-l)+l, • • • , £ kt-l), 

(I'ktil'kt+n ■ ■ ■ >^(t+i)-i) = (Pfc(t-i),Pfc(t-i)+i, • • • >Pfct-i), 
I otherwise. 

Matrix A[ fc ](a_ r , a_ r+ i, . . . , a_ r+t ) defined absolutely identically with help of the set V$. 



a 



(a,/3),(e,p) 



Theorem 5. 



R[x; ( Za- r+l Pn r+t ) ®Jk 

\i=0 



Tr((AB^(a- r x, a_ r+1 x, a- r+t x)) n ) 



Ti{{A [ ™{a_ r x, a^ r+1 x, . . . , a- r+t x)) n ), 



per ( ( E a^Pn r+t ) ® h 

\i=0 



Tr((^g(a_ r ,a_ r+1 ,...,o_ r+t )) n ) = 

= Tr((4 fc l(a_ r , a_ r+1 , . . . , a_ r+t )) n ), n ^ 1. 



Theorem 6. Let fc ^ 1 and ^ r ^ t, Ze£ a_ r , a_ r +i, . . . , a_ r+t be elements in a commutative 
ring with unity, let (e,p) G K,t, Zet e = (so, £i, • • • , £fct-i) and p = (po, pi, ■ ■ ■ , Pkt-i), ^ the 
mapping ks + i — > fc(s + £fc s+ i) + pfc s +i, O^s^t — 1, ^ « ^ fc — 1 6ea bijection of the set 



{0,1, ... ,kt — 1} onto itself. Then for all n ^ 1 

E (^A [ } k J ] (a_ r x,a_ r+1 x,...,a_ r+t xj^ [L((a,/3)) | L((e,p))]. 



5=(ao,ai,..,aK_ 1 ) 
O^s^t— 1, and i,0^i^fe— 1. 



p er ((E a -^ T -" r+i) ) ® J ^) = 

X] (A[[{ ]1 (a_ r x,a_ r+ ix, . . . , a_ r+t rc)) [L((a,/3)) | L((e,p))]. 



a=(ao,«l,->%-i) 
•s+Cfes+i^O /or aii s, 
O^ssCt— 1, and i,0^i^fe— 1. 



Theorem 7. Let £ ^ 1, k ^ 1, and < r ^ t. Taen 



kt 

\wS\ = j2(-v kt - s E (nwi- 1 ) 

5=1 {{i<*>,2W,...,tW}=u x,}en({iw,2< fc >,.. ,*<«=>» 



X 



X 



( Yl + X ) + ^minx,,max^ + min K t - max Ki) J , 

M=l ' 



fet 



iK?i=E(- i ) fc " s e (nwi - i )0 x 

3=1 {{i<*>,2W,...,tW}=u i^}en({i«,2«,. ..,*«}) 



s 

X 



+ !) + minimi - max^) j . 
i=i ' 



The basis for proof of the theorems 1 — 3 are the following fundamental characteristics of 
the matrices K]^(ao, a\, . . . , a t ) and ilj, fc ](a , a±, . . . , a t ), ^ r ^ kt. 

Theorem 8. Let k ^ 1 and t ^ 2, let a , ai, . . . , a t be elements in a commutative ring with 
unity, let a, J) G Gf\ let 1 ^ n ^ i - 1. ,4ss«me t/iat max{/3} > n + 1, 7 G G[ fel , {7} C 
min{7} >n+l and {a} 2 {7-n}. Then {K\ k \a Q , a u . . . , a t )) n [L{a) | L(/3)] =0. 

Proof. Use induction on n. Without loss of generality, we can assume that a , a±, . . . , a t be 
independent variables. Let n — 1. Assume that 

(Kl k \ao, ai ,...,a t ))[L(a) |L(/3)] ^ 0. 

Let a = (l^ ll \ 2^ 2 \ . . . , t^). Then from definition of the matrix K\ k ^(ao, a±, . . . , a t ) it follows 

t-i 

that there exists p\, pi, ■ ■ ■ , Pt-i, v, such that ^ pi ^ k, 1 ^ i ^ t — 1, ^2pi ^ v ^ k, and 



Let 7 = (2te\3te>,...,f<*>). Then gi ^Zi-i-^-i^ = (1<®>, 2<®>, . . . , (*-l)<*>). 

But 9j ^ — pi_i ^ Zj_i , 2 ^ i ^ t, and therefore {7 — 1} C {57}. Obtained contradiction 
prove validity equality (1) for n — 1. Let 2 ^ ra ^ t — 1 and t > 3. Assume that the theorem 6 
is valid for n — 1. We show that then 

((Aj fc ](a ,o 1 ,...,o t )[L(a) IL^D.^acai,...,^))"- 1 ^) | L(0)] = 

for all e E Gf\ Really, let e E G[ k] and {K\ k \a Q , a 1: . . . , a t )) n - 1 [L(e) | L(/3)] ^ 0. Since 
max{/9} ^ n+1 > (n — 1) + 1, {7} C {/?}, min{7} ^ n+ 1 > (n — 1) + 1 then from validity of the 
theorem 6 for n — 1 it follows that {e} D {7 — (n — 1)}. But {a} 2 {T — ^} = {(7~ ( n — 1)) — 1} 
and from proved above validity of theorem 6 for n — 1 it follows that (K^ (a , a 1: . . . , a t ) [L(o7) | 
L(e)] = 0. Even if (K^(a , a u . . . , ot))"" 1 ^^) | L(/3)] = 0, then the more so, 

((/T| fc ]( ao ,ai,...,a t )[L(a) | L(e)]) • (K\ k \a , a u . . . , a*))"- 1 ^) | L^)] = 0. 

Therefore 

(Kl% ,a 1 ,...,a t )) n [L(a)\L(p)} = 

= E ((Kl k Ka , ai ,...,a t )[L(a) | L(e)]) • (^(a , a 1; . . . , a*))""^® | L(0)] = 0. 

■ 

Theorem 9. Let k ^ 1, and t ^ 2, /et ao; ai, ■ ■ ■ , a>t be elements in a commutative ring with 
unity let a, ~/3 E Gf\ let 1 ^ n ^ t - 1. ^ssnme £/ia£ max{/3} ^ n + 1, 7 e G[ fc] , {7} C {/?}, 
min{7} ^ n + 1, and {a} D {7 — n}. Then 

(Kl k \a ,a 1 ,...,a t )) n \L(a)\L@)] = 

= (n( m ^)C! ( -)V ( 2 ) 

Proo/ by induction on n. Let n = 1, a = 2< /2 >, . . . , *<**>), 7 = (2< 92 >, 3< 93 \ . . . , t<">). 
Case 1. (-K"j fc ](a , ai, . . . , ot))[L(a) | L(/3)] 7^ 0. Then there exists pi, p 2 , ■ ■ . , Pt-i, u such 

£ — 1 / f 2 P'\ 

that < pi < Zi, 1 < i < t - 1, < v ^ fc and /3 = (l\ i=1 V, 3< ,2_P2 >, . . . 

i=i ^ 

. . . , i< z *-i - P*-i>^ . Then from definition of the matrix K\ k \a , a±, . . . , a t ) it follows that 
(Kl k \a ,a 1 ,...,a t ))[Ua)\L(P)] = 



{KM ( ao , ax,..., a t ))[L(a \ (7 - 1)) | UP \ 7)] = 



t-i 



i=i 



min(it,fc— u) 
d=0 



since 7- 1 = (1>>, 2<« 3 >, . . . , (t - l) {qt) ), a \ (7 - 1) = (l^-« 2 ), 2< l2 ~« 3 >, . . . , (t - l)C*-i-«>, t<*«>), 
= (i( fe ~ 1 ' + l Si Pl ) ) 2( i i-Pi-92> ) 3<'2-P2-'?3> ) _ _ _ >t <i«-i-Pt-i-«>) . Therefore 

(^1(00,0!,..., at)) [L(a) | L(0)] = 

f[ Q) f l ,,"") ) CtfW ax, . . .,a t ))[L(a\ (7 - 1)) | L@\i)]. 



From equality g) Q = it follows that (J) (^) = (^J = (^) 

and therefore _1 = ( '< V**"**) -1 . Hence 



'<-i 



n ^77fcy_i(i)y Vrrfcy(i) 



Case 2. (_K"| fc ](a , ai, . . . , a t ))[L(a:) | L(/3)] = 0. Then there exists no p±, p 2 , ■ ■ ■ , Pt-i, v such 

that ^ pi ^ U - 1 ^ t - 1, ^ u ^ k, and /3 = f/^^), 2^-p 1 ), 3< ,2_P2 >, . . . 

i=i ^ 

. . . , t^-i-P*- 1 )^ . Therefore for all pi,p 2 , ■ ■ ■ ,Pt-i,v, such that ^ pi ^ — 1 ^ i < t — 1, 

t-i 

^ f ^ fc, this inequality 



t-1 

fc-t>+ s 



P\7y-£ yi\ i= i 7 ^ 2< j i - pi - 92> ) 3<i2-P2-?3> ) _ _ _ ^ ^(k-i-Pt-i-qt)^ 

is correct. Since a \ (7 - 1) = (l^-« 2 ), 2< ,2_ « 3 >, . . . , (t - l)*'*- 1- *), t^)), then from definition of 
the matrix i^| fc ](a , ai, . . . , a t ) it follows that 

(Kl k \a , . . . , Ot))[L(a \ (7 - 1)) I L(£ \ 7)] = 0. 

So, for n = 1 theorem 7 is proved. Let t — 1 ^ n ^ 2. We show at first that if p e G[ fe ' 
and there exists no e e such that {e} D {7 — n + 1} and p = e\(7 — n + 1), then 



Really, then for certain i e {7— n+1} mj{i)+m^_ n+ i{i) > k and therefore m-p{i) > k—m^_ n+1 (i). 
Since i — 1 G 7 — n and m-_ n {i — 1) = m-_„ +1 (i), then 



a\(7-n)(« - 1) O - m^- n (i — \) — k — m^- n+1 (i) < m,p(i), 



i. e. m<s V7 _ n) (i - 1) < mp(i). Let 7 X = i< m ?«> . Then {7J C {p}, i > (n + 1) - n + 1 = 2, 
{a \ (7 — n)} 2 {7i _ 1} and from theorem 6 it follows that 

(Kl k \a , a u . . . , a t ))[L(a \ (7 - n)) | L(p)] = 0. 

From the induction hypothesis about validity of theorem 7 for n — 1 and from theorem 6 it 
follows that 

(Kl k \a ,a u ...,a t )r[L(a)\UM = 

= E (KW(a ,a 1 ,...,a t ))lL(a)\L(e)]-(K^ 

E WKao,ai,...,a*))[L(^ 

{e}D{--n+l} 



x[L(5\(7-n))|L(e\(7-n + l))]x 

n U m f (0 ) _1 ) (-0. -or 1 \ * - » + d) 1 ^ \ ^ - 

P (IS) "1 £ a,, • • • , a t ))[L(,\(7-,))|L(,\(7-, + l))] x 



{e}D{7-n+l} 



x (K\ k \a , ai, . . . , at))"" 1 ^ \ (7 - n + 1)) | L(/3 \ 7)] = 



n ( cS)) CSD" ) \ 1 k»]x 

x(Afl( ao , ai ,...,a t ))"- 1 [L(p)|L(/3\7)] 

ntt)W)"1 (xp"(«.,.„...,«,))"iL(s 



\(7-n))|L(/3\7)]. 



Theorem 10. Let k ^ 1 and t ^ 1, let a , a l7 . . . , a t be independent variables, letl^n^t. 
Then 

Tr ( (00, ax, ... , a t )) • (^ [fc] K a 1} . . . , a,))"" 1 ) = 

= Tr((^Kl k \a ,a 1 ,...,a t ))-(Kl k \a ,a l ,...,a t )r- 1 ). (3) 



Proof. We will be speak, that passage from a vector a = 2^ 2 \ . . . , t^) e G[ fc ^ to a vector 
(5 G there exists and be realized with help a vector (pi,P2, ■ ■ ■ ,Pt-i, v), if 

P = (l( fc ~ w+ <=i Pi )),2< ,1 - I ' 1 >,3< ,2 - p2> ,...,t <, *- 1 - pt - 1> ), O^p^Zi, 1 < i < * — 1, 

i=i 

Let «i = (1^,2^, . . . ,t^), «2,tt3, • • • , cfn+i £ such that passage from the vector ctj to 
the vector a i+1 there exist and be realized with help a vector (p^\p 2 l \ ■ ■ ■ 1 ^ i ^ n. 

Assume that v\ ^ 1 and /„ ^ /c — 1. Let 

ft = (l< Jl >, 2< ,2 >, . . . , (n - (n + . . . , t (/t) ), 

Then passage from the vector f3 1 to the vector (3 2 there exist and realized with help vector (p^\ 
p<£\ . . . ,p£l v p^ + l,pW 1: . . . if 1 < n < * - 1 and {p<£\p$\ . . . ,p{% Vl - 1) if n = t. 

Let P 3 , (3 4 , . . . , P n+ i G such that passage from the vector ^ i to there exists and be 
realized with help the vector (p^\p%\ ■ ■ . Vi), 2 ^ % ^ n. Definition (3 3 , (3 4 , (3 n+1 
is correctly, since m^(i) ^ m S2 (i) for all i, 1 ^ % t. Let a 4 = (1<4°>, 2<# ) >, . . . , *$°>), 
2 ^ i < ra + 1. We shall show by induction on n, 2 < i < n + 1, that 

Pi = ...,(<- 2)<^>, (i - l)^ 1 ),^ ), . . . ,^°>). 

If i = 2, then proposition follows from definition a 2 and j3 2 - Let 2 ^ i ^ n and for « proposition 
is proved. Then, by definition, a l+l = (l(^ + ^ W ), 2^'^, 3^-^), . . . , t^~^) , 

= {i\ k - Vi+ % p n ^^,3^^, . . . , (i - 1) <^ a -^ a > , i<e>i+i-p^i> , ( i+ i)<^-P«>, 

^'i-i-w-i)). We shall show now that if ui > and a n+1 = «!, then 

' (^Ko!,...,^))^) | L(a 2 )] ) -n^K,^,...,^))^) | L(a i+1 )] = 



<9a 

9 



<9a 



(X t W(a , ox, . . . , a t )) [L(/30 | L(/3 2 )] ) • JI^W «i, • • • , <k)) [L(ft) | L(# 



i=2 

t-1 \ n-1 

Since a n+ i = a 1: then /„ = ( k — v\ + X] P^P ) ~ X] an d, therefore, f i ^ 1 and Z n ^ k — 1, 



t-l 



since > pW. From definition of matrix K\ k \aQ, ai, . . . , a t ) it follows that 

i=l 



<9a 



(iirJ fc] (ao,ai,...,Ot))[L(ai) | L(a 2 )] J • JJ(X| fe ](a , ai, . . . , a t ))[L(c^) | L(« m )] = 



<9a c 



/ 



\ 



n 



u 



i=2 



1(1^ ,k-vi) 



x J2 ( d+v ^ 



d=0 



k vz 



d+vij\d 



n 

i=2 



k 

t-i 
Vi - £ 



't-i 

n 



V J- 1 

t-l min(4 l) ,fe—Ui) , N /,/,) 

d=0 



3 = 1 W 



If 



X 



x a a^ 1 ... a t 



d+Vi )\ d 



As we proved above, ft = (1<4°>, . . . , (i - 2)<^>, (i - l)^ 1 ), i$°>, . . . , 2 ^ i < n + 1. 

Therefore, /3 n+1 = and 

d 



da. 



{K?\a , ai, • • • , a*)) [L^) | L(/? 2 )] • JJ(«J fc] K a lt . . . , a t ))[L(&) | L(& +1 )] 



/ 


/ 


/ 


* \ 










V 




- 1 - £ p w 


\ 




1 J , 



i=2 

i *s 1 (1) 

(rf)) (rfi)) • • • US) (pW+'i) U) • • • ( p g) a ' ' x 



min(Zt,fc— vi) 



/ * \ 



d=0 



d + vj \d 



' V/ | i x 



x 



n 

i=2 



t-l 

Vi - £ pW 
V ' =1 / 



7(0 

l t-l 



X 



xa » 



iin(fy) ,k-Vi) 



ay ay ... a; 



d=0 



d + Vi) V cZ 



ifl^n^t — 1 and 
d 



da t 
( 



{K\ k \a , ai ,...,a t ))[U^) I UP 2 )U-ll(KW(a 0: a 1: ... : a t ))[L(f3 i ) \ L((3 i+1 )} 

' i=2 



( 



d 
dat 



( 



\ 



k 



\ 



't-l 



t-l 



v l - 1 - E 



min(Zt+l,fe— vi+1) 

X E + 

d=0 



n 



d + V\ — 1/ V d 



lt + 1 



x 



p{ l) J ' ' ' w 



"t-l 



n '-' 

l= 2 \Vi-T, pf 

^afaf ...af^x 



x 



*t-i 



min(Z|*),fc— Vi) 

x E (d + Ui)! 



d=0 



k wif 

d + ViJ\ d 



t-i 



Let s = v 1 - EM 1} - Then 



da 



(Kl k \a ,a 1 ,...,a t ))[L(a 1 ) | L(a 2 )] ) "i, • • • , «t))[L(«i) I L(a i+1 )] 



i=2 



't-l 

\j=l V ^ 



t-l 

e 



3 >af Ur 1 



min(Zt,A;— vi) 



E 



d=0 



d + ViJ \d 



a t | x 



n 

i=2 



- E 



't-i 

n 



vi=l V ^ 



,fj)\ \ m min(Z| < ),fe-u i ) 



3 = 1 



_d_ 

da r . 



{Kf\a„a l) ... ) a t ))W l ) I L(/? 2 )] J \{{Kf\a„ a lt . . . , a t ))[L(&) | L(f3 i+1 )} 



i=2 



= (pi 1} + 1) 



l n + l ( k 



P« + 



't-i 



x 



n 

K i=2 



n 



min(Zt ,fc— di) 



E 



i=2 



fc 

t-l ... 

- E 

i=i J 



n 

JeN t -i\{i-l} 



d=0 



if 
pf 



k \n 



d + vij \d 



Cl-y Cl^ • • • Qj 



t-l 



d 



ifl^n^t — 1 and 
d 



da t 



(^(flcoi,..,^)^) | L(f3 2 )} H(Kl k \a , ai ,...,a t ))[L(f3 t ) | L(J3 i+1 )] 



k 



't-i 



n f z & + 1 
ill p w x 



i=2 

' min(it+l,fe— f i+l) 



a,H S " 



/ k 



a=i 



d 



da d - 1 



x 



,i=2 



n 

i=2 



k 

t-l 

r, - E p l) 



n 

,j'eJVt-i\{i-i} 



(<<) 



t-i ... /t-i 



2 = 1 



n 

vi=i 



av 7 



x E <«+ + J ('J « 



K i=2 



vj=l ^ 
n / 

n 



i=2 



k 

t-l 



Vi - E pf 
\ 1=1 / 



'1(f) 

3 

v jejv t _i\{i-i} v ^ 



n 



*-l n /t-l 

«i- S p« 

a 



aPs x 



min(Z| I \fc— 

x J] (d + «i)! 

d=0 



n 

k 

d + ViJ V d 



"t ■ 



Therefore, for all n, 1 ^ n ^ t, this equality 
9 



<9a n 



(^(a ,a 1 ,...,a t ))[L(/5 1 ) | L(/3 2 )] JJ^K «i, • • • , «t))[L(A) I L(A +1 )] 



i=2 



| x 



x 



n 

K i=2 



p^i 



n 

i=2 



t-l ... 

«i- E pW 

V J=1 / 



t-l ... /t-l 
T-r "'"-V 

n (io))°o ^ 



jeN t -i\{i-i} 



n 

vi=i 



x ^ (d + Vi)\ 



d=0 



k \/L« 



d + ViJ \ d 



"t ■ 



is correct. From the equality = — pfl 1: 2 ^ j ^ t, 1 ^ i ^ n — 1, it follows 

that = /Wj — p^i, 2 ^ i ^ n — 1. Since Zj 2 ) — k — s, then induction on i give that 



i-2 

lf\ = k-s-J2 P { i +l \ 2^i<n. Therefore 



/ i-2 

/ h \ JLlk-s-EPi 

= (*-+i)C* 1 )n' 



j'=i 

- 2 \ 



k \ (k-s)\ 
s-1, 



n \ n 

i=2 J i=2 

k \ (k-s + iy. _ ( k \ (k-s + iy. 

\ i=2 / i=2 »=2 



fc \JL//W 1+ i\ . / k \JL(k-s + l-Z 2 p^ 



3=1 



i=2 J i=2 i=2 

fc \ (ib-s + l)! 



s- 1 



i=2 



1 ^ n ^ t. Therefore, if a n+ i = a±, then /3 n+1 = /3 X and 

-(^(aca!,..,^))^) | L(a 2 )]j n(^| fcl (ao,ai,.-.,a t ))[L(a,) | L(a i+1 )] = 

' i=2 

— (JfjVoi.-.fl.))^) I L(]9 2 )]J 11(^(00,0!,..., at))^) | L(A +1 )]. 

And invercely, let /3 = (l< Jl >, 2< ,2 >, . . . , t (it) ), /3 2 , . . . , p n+1 e G[ fc] be such that passage from the 
vector p i to the vector (3 i+1 be realized with help the vector (p^\p$\ ■ ■ .p^l 1: Vi) : 1 ^ % ^ n. 
Assume that v\ ^ k — 1 and pi 1 ^ ^ 1, Z n ^ 1. Let 

ax = 2< /2 \ . . . , (n - l)^-^,^"-^, (n + . . .,*<'*>), 

Then passage from the vector ol\ to a 2 be realized with help the vector 

(pM', • • ■ .pSi.P? - l.pffli. • • ■ .fiVi) if 1 < n < * - 1 
and (p^,p 2 ^> • • • v\ + 1) if n = t. Let «3, «4, . . . , a n+ i E G[ k \ such that passage from a. 



definition of a 3 , o7 4 , . . . , a n+1 is correctly. Really then /„ = [k — vi + ^2 j — ^ Let 

V j=i / j=i 

= (1<^\ 2<^>, . . . , *<#>>), 2 < i < n + 1. Then 



e\ - 1 = u - Vl - 1 + f>« ) - ][>r i} ^ i n - 1 ^ o 

and a t = (1<^>, . . . , (i - 2)<^>, (i - 1) <e>i-i> , i <4 i) > , . . . ^I 4 ')). Therefore, if ^ n+1 = then 
oWi = cti and, repeating stated above computations we obtain that 

d \ n 

— (KW(a ,a 1 ,...,a t ))[L(a 1 ) | L(a 2 )] J JJ(K t [fcl (a , a u . . . , a t ))[L(a^) \ L(a i+1 )} = 

(a \ n 

— (JfjVoi.-.fl.))^) I L(]9 2 )]J n^Ka!,...,^))^ | L(A +1 )]. 

Since the maps 

(ai,a 2 ,...,a„,ai) -> /3 2 » • • • and /3 2 » • • • -> (o<i, a 2 , • • • , «n, «i) 

are injective, then theorem 10 is proved. ■ 

Theorem 11. Let k ^ 1, t ^ 1, 1 ^ n ^ t, ^ r ^ kt — 1, let ao,a±, . . . ,a t be independent 
variables. Then 



Tr ((^ n S( a °' ai ' •••> a *)) ■ ( n S( a o,ai, •••,a*)) ) 



= Tr((^-nJ fc ] lit (a ,ai,...,a t )) • (nf^oi,...^))" ') (4) 

Theorem 12. Let k ^ 1 and t ^ 2, let a ,ai, . . . ,a t be elements in a commutative ring with 
unity, let a, (3 G G^], Ze£ 1 < n ^ £ — 1. Assume that rnaxj/?} ^ n + 1, 7 G Cj^, {7} C {/?}, 
minj 7 /} ^ n + 1 and {a} ^ {7 — n}. Then 



(nif s J( ao ,o 1 ,...,a t )) B [L(a)|L( ) 9)]=0 



Theorem 13. Let k ^ 1 anc? £ ^ 2, let a ,ai, . . . ,a t be elements in a commutative ring with 
unity, let a, (3 G C|, fe ], Ze£ 1 < n ^ £ — 1. Assume that max{/3} > n + 1, 7 G {7} C {f3}, 
min{7"} ^ n + 1, and {a} D {7 — n}. T/ien 



(nl^a!,...^))^^ |L(/3)] 
* \m-_ n (i)J \m-(i) 



Theorem 14. Let k ^ 1 and £ ^ 1, let 1 ^ n ^ t, let a , a±, . . . ,a t be independent variables. 
Then 



$^ Tr ((^~ n S( a °' ai '---' a *)) ' ( n S( a o,ai,---,at)) ) = 

= E Tr ((a _n S (a °' ai '---' a ' ) ) ' (n!*](ao,ai,...,<0) n ~ ) (6) 

Proo/. Since njj](a , a i? . . . , a t ) = fc!ag, njj^ao, ai, . . . , a t ) = k\a k t , then ^nj t ] t (a , ai, . . . , a t ) = 
= 0, ^-nQ fc ](a , ai,...,a t ) = and from the theorem 11 it follows that 



n-U 



kt 



r=0 



-^-U^ t (a , ai, . . . , a*) ) • (n[^(a , a i? . . . , a t ) 



71-1 



fct-1 



5^Tr^^-nfj(a ,ai,...,a t )j • (nJ3(a , a 1: . . . , a*)) ) = 

= ^ Tr ((^- n f+i,*( a o. a i>--->^)) • ( n I.+i,t(«o,ai,---,a t )) ) = 

^ d i 

Xl Tr ((^ _n ft( ao ' ai '---' a *)) ' ( n S( a o,ai,...,aj)) ) = 



r=0 
fct-1 



J^Tr^— n^(a ,ai,...,a t )j • (nj. fe ](a , ai, . . . , a*)) ) 



r=0 



Theorem 15. Let ^ 1 and n ^ 1, let ^ r ^ fci, /et a , ai, . . . , a t be independent variables. 
Then 

Trf (n¥}(a ,a 1 x, . . .^x*))") = x rn Tr ( (uf}(a , a u . . . , a,))") (7) 



_ =x rn Tr^ni5(a ,a 1 ,...,a t )J J 
Proo/. Let a7 = (1<4°>, 2<# ) >, . . . , t$°>) eGfJ, 1 <i<n+l. Assume that «T -> -> ► o^I 



is a closed way in the oriented graph r[, fc ] corresponding the matrix n^(ao, ai, . . . , a t ). Then 
Oil = cn n+ i and there exists p^\ 1 < j ^ t— 1, 1 ^ « ^ n, such that ^ < E p^ < k—lf 1 , 

3=1 

and = /« + £ p« /f 1} = Z«! - P fU 2 < J < t, 1 < i < n, 

3=1 



(nj.*](a , a ± x, atx 1 )^ [Lfe \ L(a i+1 ))] = 



k\ 



k 



t-i I S) 



n 



i \P. 



j (») (>) 
J=1 a? af 



Hence 



n 

JJ^nE5(a ,aiX, . . . , a t x*)) [L(a7 | L(a i+ i))] 
i=i 



(*0" 



n 

i=i 



k 

t-i 



if + Epf, 

3=1 ) 




lf-1 
pf-1 



£(«?>+£ iff) 
X x i=1 j=1 



(0 (*) 

3 = 1 Pi Po 



JJ(nj.*J(ao,ai,...,a t ))[L(Q! i ) | L(a i+ i) 



n ... t—1 



We will show that £(fZ t w + E = rn - From the equalities = l y -\ - p K -L^ 2^j^t, 

i=l j=l 

1 ^ i ^ n, it follows that j7j +1 - z£ +1) = (j - = (j - 1)1^ - (j - l)^2i and therefore 

... n t ... n+1 t ... n+1 t ... 

E E {j - i)4-i - E E (j - i)^i, i-d. E E jif -EE ^ = 

i=l j=2 i=l j=2 i=l jr'=2 i=l j=2 i=2 jr'=2 i=2 j=2 

n t—1 n t—1 n+1 t—1 n t—1 n+1 t—1 n 

= E E -EE jpf , i-d- i E 4° + E J'^r 1 + E E - E (r - if) = E ^ } + E if + 



_ ,(*) 



n t , . . n t . . . n f 

E E jf -EE 4 } 



i=l 3=1 i=l 3=1 

n t—1 ... n t—1 



i=2 



J'=2 



i=2 j=l i=2 
t-1 



3=1 



+ E E jif -EE iP^, i-d. * (E if) + m +1 - if) + (E Jir 1 ) ~™ + if ] = E jif - 

i=2 3=2 i=l j=l H=l 7 K j=2 7 j=l 

(E jif) ~ E J^ n+1) - Since a{ = a^+T, then 
S=i 7 .7=1 



n t—1 n n t—1 / t 

-EE jpf- Hence t E 4° + E E Jpf = ™ + 

i=l 3=1 i=l i=l 3=1 ^3 

if = for a n J) l^j^t, and therefore jf(tlf + E jpf) = ™. 



=i 



3=1 



Definition 1. Let n ^ 1, P n (x) = (a^Oi^j^n, 



1, if j — i = 1, 

x, if j — i 7^ 1, j — i = 1( modn), 
0, if j — « ^ 1( modn). 



(8) 



Then 

1, if j — i = 1, 
= ^ x, if i = n, j = 1, 

0, if j — % ^ 1( modra). 
Lemma 1. Zet sG Z, — n < s ^ n, (P n (x)) s = (6ij)i^i,j^ n . T/ien 



(9) 



6ij = < 



1, if j -1 = 8, 

x, if j — i 7^ s, j — i = s( modn) 
0, i/ j — « ^ s( modrt) . 



(10) 



ifO^s^n and 

1, ifj-i = s, 

x_1 j if 3 ~ i 7^ s ) J ' ~ i = s(modn) 
0, if j — i ^ s( modn) 
— ^ ^ s ^ — 1. Hence (P n (x)) n = xl n , 



hi = < 



(11) 



hi = < 



if ^ s ^ n and 



hi = < 



1, ifj-i = s, 

x, ifj-i = s-n, 
0, i/ j — i ^ s( modn) 

1, if j -i = s, 

x^ 1 , if j — i = s + n 

0, if j — i ^ s( modn) 



(12) 



(13) 



— ft ^ s ^ —1. 



Let n ^ 1 and iGZ. Then, by definition, 



<J n (x) 



1, if x ^ 0( modn), 
0, if x = 0( modn). 



(14) 



Theorem 16. Let k ^ 1 and i ^ 0, Ze£ a ,ai, . . . , a t be independent variables. Then for all 



J2 (II" |r 

aeSym(N nk ) (a 1 ,a 2 ,...,a nk )£{0,l,...,t}" k V *=l 



nfc 



Card{jeJV nfc \<r(i)<i,a&0( modn)}+ £ [f-] 

i — 1 



kt 



^(Tr((<](a , a t )DK (15) 



r=0 



Proof Let a G Sym(iV nfe ), let i G iV nfe , let i = ksi + Pi, let ^ ^ n — 1, let 1 ^ pi ^ A;, 
let [ (T ^~ 1 ] = [*=i] = aj(modn), let ^ ctj < t Then there exists /j, 1 < k ^ fc, such that 
a(i) = k[(si + c*i)o modn] where [(s) modn] is the least nonnegative residue of the integer 
s G Z modulo n. Let cr(i) > i. Then we have 



Case 1. [(sj + 0^)0 modn] = Sj, /j > p^. 



In the case 1 ccj = O(modn) and a(i) = ksi + /j. In the case [(sjCc^o modn] = + a, — 
and cr(i) = fc(sj + ctj — [^]n) + k. Let a(i) ^ i Then we have 

Case 3. [(sj + aj) modn] = Sj, Zj < p*. 

Case 4. [(s« + «i)omodn] < Sj. 

In the case 3 aij = 0( modn) and a(i) = ksi + U. In the case 4 [(sj + aj)o modn] = Si + — n — 
-[f-]n = Si + ai - (<J„(ai) + [f])n and <r(i) = k( Si + a { - {5 n {a,^) + [f])n) + l { . Let 
Ai = {i G N nk | a, = 0(modn),/j > p^, A 2 = {i G iV n/c | [(s* + aj) modn] > Sj}, 
A 3 = {? G 7V nfe | a, = 0(modn),/j < p*}, A 4 = {« G iV nfe | [(s, + aj) modn] < Sj}. Then 



nfc 



i=l 



k 



E Si + E s * + ai 

ieAiUA 3 i<=A 2 



— n+ > Sj + ctj - \bn\OLi) + — n 
n J V L n J / 



ieA 4 



= ^2 Si + ai - ai + ^2 Si + ai 

nk nk 



a 
n J 



n 



+ ^2 Si + ai - (5 n (ai) + — )n = 

l n - 

t€A 4 



ft; 



E, \ r^i v~"T a »i \ \ - 
Si + l^oci- 2^ [-\ n - 2^[-\ n - 2^ - ™~E 5 

i=l j=l ieAiUA 3 ieA 2 «eA 4 L J «GA 4 



«i n = 



j=l ieAiUA 3 ieA 2 

nfc nfc nfc i- - 

= E s * + E ai ~E~ n_ ^2 $n(ai)n 

i=l j=l i=l L J cr(j)<j,Q i ^O(modn) 

nfc nfc / / nk 



i=l i=l 
nfc nfc 



+ Card{i G iV n fc | a(i) < i,ai ^ 0( modn)} In, 



nfc 



£ [^] = £ But £ [^P] = £[¥!> and therefore 

i=l i=l i=l i=l 



nfc 



nfc 



i=l 



i=l 



^«i = (Card{i G iV nfc | cr(i) <i,ai^ O(modn)} + £[— ])n. 



Since 



E E (fl a ^) =vn(fca i pi)®Jk y \ 

aeSym(Ar nfc ) K,a 2 ,.-,anfc)e{0,l,...,O nfe i=1 i=0 
[^]-[i^] sai (modn) 

for all n ^ 1, then from the theorem 3 it follows that 



nfl Q / i U^K!K a i.---. fl '))> rn .^ L 

»»)i..(i.„ij ^i,o;2,...,Q; nfc jfciu,i,...,r|'- »=1 ' r=0 

nfc nfc 

Hence and from the equality £ ai = (Card{i G iV nfc | a(i) < i,ai ^ 0( modn)} + E [^"]) n ^ 

i=i ' i=i n 



fct 



follows that for all n ^ 1 



„ \ Card{ieAT nfc |<7(i)<i, Qi ^0(modn)}+E [^] 

[[a ai \-x 

»«,m lJ ,„ wlai , C(2 ,..,a„ tJ fc 1 u ) i r ., tr - »=1 
[^]_[^i] sai(modn) 

fet 



53(Tt(IlS5(ao, a t )) n )x r 

r=0 



Theorem 17. Let k ^ 1 anci t ^ 0, /et a , ai, . . . , a t be elements in a commutative ring with 
unity. Then for all n ^ t + 1 

S S ( JJa a . j •x Card{ieJV "* |ffW<< ' ai?40} = 

creSym(AT„ fc ) r=0 (ai,a 2 ,...,c* n fc)e{0,l,...,t}' lA: i=1 
[^i]_[^l] SQi(modn) 

= ^(Tr((nW(a ,a 1 ,...,a t )r)K. (16) 

r=0 

Proo/. Since < [f] ^ [£] = 0, then [f ] = for all % G N nk . If t < n and a< = 0(modn), 
then ai = 0. ■ 

Theorem 18. Let fc ^ 1 and t ^ ; let a ,ai, . . . ,a t be elements in a commutative ring with 
unity. Then for all n ^ 1 

per((j]a i (P B (x)) i ) ® J fc ) = ^(Tr((ng(a , a x , . . . , a,))™)^. (17) 

i=0 r=0 



Lemma 2. Let fc,t ^ 1. T/ien = «/ < r ^ jfc, ant/ GfJ = El^fit-il «/ 

• =o 



fc < r < to. \G [ %\ = \G [ S_J, \G [ %\ = ^ l4Vil^ < r < fct. 

i=0 

Theorem 19. Let ^ 1 and t ^ 0, let ^ r ^ kt, let ao,ai, . . . ,a t &e elements in a 
commutative ring with unity. Then 

det(xl [k ], - nH(a , ai, . . . , a t )) = det(xl. w , - njj 1 t (a t , a t _i, . . . , a )). (18) 

Theorem 20. Let A; ^ 1, Zet ao, ai, . . . , a t be independent variables over a field F of charac- 
teristic 0. Then the polynomials 

det(i| G jfc}| - xU^J(a , ai, . . . , at)), ^ r ^ kt and det (/(&+!)* - xKf\a , ai, . . . , a t )) 



Theorem 21. On the set GfJ, 1 ^ r ^ kt, we define the infective mapping (f> r>t as follows way: 
ifa= (1^\2<' 2 >,..., G CM, then r>t (a) = (l^, 2< Jl >, 3< ia \ . . . , t^- 1 *). T/ien r>i «s 
substitution of the set G^j and 



min(fc,r) . ^ ^ |G|. fc Ii, t -i| 

det(n^(a , ai,..., a t )) = (sign0 r>t ) J| ^I^Ja^X 



det(Aj*](a ,o 1 ,...,a t )) = (^sign^ II (^Q«o~x) 



(fc+i)* 



min(fc,r) 



per(nfj(a ,a 1 ,...,a t ))= f[ ( fc! 



i=0 



a a t 



I4 fc li, t -il 



(19) 
(20) 
(21) 



Theorem 22. Let =SJ r ^ t, let a_ r , a_ r +i, . . . , a_ r+t &e elements in a commutative ring with 
unity. Then 

1 + £ ( R L (j^a^T^A ® J^V = (-1)MK*>,...,^>). 



'x 



n=l 



,i=0 



X 



^ (_1) l (t) det((/( fc+ i)« - yK\ k] (a_ r x,a_ r+1 x, . . .,a_ r+t x))x 



{7}D{l <fc> ,2< fe >,...,r< fc >} 



x(L(7)|L(l< fe >,2< fc >,...,r< fc >))) 



(det(/( fc+ i)t - yKf\a_ r x, a_ r+1 x, . . . , a_ r+t x))) 1 , (22) 



■/* \\y n = 



[ R [ X > [ a -r+i P n ^ 

= ~ y (jfjj det(/ (fe+ i)t - yKf\a_ r x, a_ r+1 x, a_ r+t x)^j x 



x 



(det(/( fc+ i)t - yKf\a-rX, a_ r+1 x, a_ r+t x))) \ (23) 



1 + per ( (^a-r+iTj-^))® J, 



n=l 



i=0 



det ( ( 7 |G[fc] . - xUfl (a_ r , a_ r+1 , . . . , a_ r+t ) ) (L(l< fc >, . . . , r< fe >) |L(1 



I <fc> 



„<fc>\|T ('l < fc > 



,<fc> % 



X 



x ( det ^J |G [fe] ^ - xllj.fc )t (a-r, a-r+i, • • • , a-r+t)) J , (24) 



-r+i 



Jh\ \x n 



n=l 



kt 



1=0 



X 



= -X — ^det^/ |G W| - xU [ ^(a- r ,a- r+1 , . . . ,a_ r+t ))) 

x f det f /, -aril!* 1 (a— 



Theorem 23. Let k ^ 2, let 1 ^ ti ^ t 2 ^ . . . ^ t k = t, let greatest common divisor 
°f h, h, ■ ■ ■ , tk is equal to 1. Let a tl , a t2 , . . . , a tk be independent variables over a field F of 

k 

characteristic 0, f(x) = x l + ^a ti a; i_il . Then the Galois group of the polynomial f(x) over 

i=i 

the rational function field F(a tl ,a t2 , . . . ,a tfe ) is isomorphic to the symmetric group Sym(t) of 
degree t. 

Theorem 24. Let k ^ 2, let 1 ^ ti ^ t 2 ^ . . . ^ tk — t, let greatest common divisor of 

t±,t 2 , ■ ■ ■ ,tk equals 1. Assume that t is even, ti is odd for alii, 1 ^ i ^ k — 1, Let a tl ,a t2 , . . . , a tk 

k 

be independent variables over a field F of characteristic 2, f(x) = x l + a t i xt ~ ti - Then the 

i=i 

Galois group of the polynomial f(x) over the rational function field F(a tl , a t2 , . . . , a tk ) is iso- 
morphic to the symmetric group Sym(i) of degree t. 

For convenience of the reader we shall remind [3, p. 80] definition of the matrix 
D r (a , ai, ... , a t ) = (a s ^)^ grt , < r < t. D (a ) = a . 
Let 1 ^ r ^ t, a — (ii, i 2 , ■ ■ ■ i r ) G r ,t- If i r < t then 



a , if (3 = (ii + l,i 2 + 1, . . . ,i r + 1), 

{-l) k a ik) if /3 = + 1,. . .,C+l,...,i r + 1), 1 < k ^ r, 

0, otherwise. 



(26) 



If i r = t, then 



L a,f3 



It follows that 



(-l) r a t , if (3 = (1, h + 1, i 2 + 1, . . . , v-i + 1), 
0, if (1,1! + 1, i 2 + l,...,i r _ 1 + 1). 

Di(a , ai, . . . , a t ) = n£[(a , -ai, . . . , -a t ). 



(27) 



(28) 



Theorem 25. Let ^2, let l^ti^t 2 ^. . .^tk = t, let greatest common divisor ofti,t 2 ,..., tk 
is equal to 1. Let a , a tl , a t2 , . . . , a tk be independent variables over a field F of characteristic 0, 
let Oj = for all i G N t _i \{t±, t 2 , . . . , tfe-i}- Then the polynomial det(:ri^ — D r (ao, a±, . . . , a t )) 
is irreducible over the rational function field F(ao, a tl , a t2 , . . . , a tk ). 

Theorem 26. Let t^2, let 1 ^ti ^t 2 ^ . . . ^tk —t, let greatest common divisor of t±,t 2 , . . . , tk 
is equal to 1. Assume that t is even, ti is odd for all i, 1 ^ i ^ k — 1. Let ^ r ^ t, let 
ao, a tl ,a t2 , . . . , a tk be independent variables over a field F of characteristic 0, let = for all 
i G N t _i \ {ti, t 2 , . . . , tk-i}- Then the polynomial det(:ri^ — n^](a , a 1? . . . , a t )) is irreducible 



Theorem 27. Let t^l, letO^s^t — 1 and 1 ^ n ^ t, let a , ai, . . . ,a t be independent 
variables. Then 



Tr ^—D s (a ,a u ...,atf) ■ (D s (a , a u . . . , a t )) n x ) = 

= - Tr ((— D s+1 (a , a u . . . , a*)) • (D s+1 (a , a u . . . , a t )) n_1 ) (29) 
Theorem 28. Let t ^ 1 and 1 ^ n ^ £, Ze£ ao, ai, . . . , a t be independent variables. Then 

t r, 

^(-1) S Tr ((— D s (a , a u . . . , a,)) • (D s (a , a u . . . , a,))"" 1 ) = 

s=0 ^ 

t o 

= Tr ((— D s (a , a,,..., a*)) • (£> s (a , ai, . . . , a*))"" 1 ) . (30) 



Proof. Since -D («o, «i, • • • , <h) = a , A(a , a x , . . . , a t ) = (-l)*a t , then £^D t (a , a 1? . . . , a t ) = 0, 
-rj^-D (a , a±, . . . ,a t ) — and from the theorem 27 it follows, that 



^(-l) s Tr ((— D s (a , a,,..., a*)) • (AK ai, . . . , a;))™" 1 ) = 

s=0 ^ 

^(-l) s Tr ((— £> s (a , a,,..., a t )) • (AK «i, . . . , a*))"- 1 ) 



s=0 

t-1 



^(-l) s+1 Tr ((— £> s +i(a , ai, ... , a*)) • (L> s+ i(a , a b . . . , a*))"- 1 ) 



s=0 

t 



^(-l) s Tr ((— D s (a , a 1? . . . , a*)) • (D s (a , a u . . . , a*))"- 1 ) = 

= ^(-l) s Tr ((— D fl (a , a 1} . . . , a t )) • (AK a 1} . . . , a t )) n -^ 



Theorem 29. Zet t ^ 2, Zei a , ai, . . . , a t be elements in a commutative ring, let 1 ^ r ^ t — 1, 
let a, (3 G <5r,tj Ze£ 1 ^ ra ^ £ — 1. Assume that max{/3} ^ n + 1, 7 £ <5z,t, {7} Q {13}, 
min{7} ^ n + 1 and {a} 2 {7 ~ n }- 27ien 

(A.(a , a ls . . . a t )) n [L r , t (a) | L r>t (0)] = 0. (31) 

Theorem 30. Let £ ^ 2, Ze£ ao,ai, ■ ■ ■ ,a t be elements in a commutative ring, let 1 ^ r ^ t, 
a, (3 G Qr,t; Ze£ 1 ^ n ^ t — 1. Assume, that max{/3} ^ n + 1, 7 G <3z,t, {7} ^ {13}, 
min{7} ^ n + 1 and {a} D {7 — n}. Taen 

(^(ao,^,...,^))"^^) I L r M\ = (_l)C-«i{(iJ)6{7-n}x({ a }\(^-n}n{a}))|i<i} x 



Theorem 31. Let K be a field of characteristic 0, let x±, x 2 , ■ ■ ■ , x m be algebraically inde- 
pendent variables over K and E be a algebraic extension of the field K(xi,x 2 , ■ ■ ■ ,x m ). Let 
D Xl , D X2 , . . . , D Xm be the extensions, respectively, of the differentiations . . . , in the 

field of rational functions K(xi,X2, ■ ■ ■ ,x m ) up to the differentiations in the field E. Assume 
that for some y G E will be D xi (y) = D X2 {y) = ■ ■ ■ = D Xm (y) = 0. Then the element y is 
algebraic over the field K. 

Proof. Let f(x) be the minimal polynomial of the element y over the field K(xi,X2, ■ ■ ■ ,x m ), 

k k 

f(x) = x k + o J iX k ~ % ) Oi G K(x\,X2, ■ ■ ■ , x m ), 1 ^ % ^ k. Then y fc + E Oiy k ~ % = and applying 

i=l i=l 

k 

differentiation D x , 1 ^ j ^ m, we obtain that ky k ~ l D x .{y) + E a «(^ — + 

k k 

+ Y.(. D x3(cL i ))y k - i = 0. Since by condition D x .(y) = 0, 1 ^ j ^ m, then Y,(D Xj i.a i ))y k ~ i = 0. 
i=i i=i 

But D x .( aj ) = G K( Xi,x 2 , . . • , x m ) and therefore the element y vanish by the polynomial 

k k 

^(^-a i )x fe - i over the field K(x u x 2 , . . . ,x m ) and deg(E (■£:(*) x" - *) < k-1. If ^ 

i=l 3 i=l 1 

k 

for some i, 1 ^ % ^ k, then E (■£^aAx k ~ t is nonzero polynomial of degree ^ k — 1, that 

i=i J 

contradict assumption, that /c is degree of the minimal polynomial of the element y over the 
field K{x\,X2, ■ ■ ■ ,x m ). Therefore gf-Oj = for all i, j, 1 ^ i ^ k, 1 ^ j ^ m. Hence a,i <E K 
for all i, 1 ^ i ^ ■ 

Lemma 3. Let K be afield of characteristic 0, f(x,y) G K[[x, y]\, f(x,y) = E a i,j xl V 3 ' ■ 
Assume that = Then 

ox oy 

a i,j = i ^ a °' i+ i' (^) 

a i,j = a j,i, ( 34 ) 

oo 

f(x,y) = J2 a o,k(x + y) k (35) 

fe=0 

Proof Since = E ia^x^yi, = E ./>/,.,./•'//' ; . then provided that = 

= it follows that = (j+l)ai_ lij+1 , i > 1. Hence a i;j = ^a^ij+i = 2 ±±-^a i -. 2 ,j+2 = 

2+1 2+2 2±3„ i±i i±2 i±3 j+* „ 

j i-1 j_2 u «-3,j+3 j j_! j_ 2 • • • i_(j_i) u i-ij+i 

= (j " +i)(3 " +i i ; 1) - (3 " +1) aoj+i = ('t>o J+ i. By the equality (33) it follows that a hl = ('/K,.; = 

oo 

k=0 i+j=k 

ij^o i^o,j^o,i,jez 

oo k oo 

= E ao,k E ( l l)x i y k - i = E aoA x + v) k - 

k=0 i=0 k=0 



Lemma 4. Let K be a field of characteristic 0, f(xi,x 2 , ■ ■ . , x m ) G x 2 , ■ ■ ■ , £ m ]], 



f(xi,x 2 ,...,x m ) — ^ ] Q'j lj j 2i ... i j m x 1 1 , x 2 2 , . . . , x™ , m ^ 2. 

H,j2,...,im.^0;ii,j2,...,i m eZ 

Assume that -M- = M- = . . . = -J^-. Then 

OX i OX2 ax m 

Qii,i 2 ,...,i m — . .. . • , Oo,0,...,0,ii+i 2 H Mm> I'JOJ 

%\.%2- ■ ■ ■ ^m- 

<i - = a v ( i),V(2),-,v (m )> ° e Sym(iV m ) (37) 



a 



f(x 1: x 2 , ■ ■ ■ , x m ) = ^2 a o,o,...,o,fe(^i + ^2 H h a; m ) fe (38) 



k=0 

Proof. Case m = 2 is proved in the lemma 3. We use induction on m > 2. Since 

K[[xx,X2, ■ ■ .,x m ]] = (K[[x m ]])[[x 1 ,x 2 , . . . ,x m _i]], 

then 



"Jl J2, — Jm-1 X l " t '2 • • ■ X m-1 > 



/(xi,x 2 ,...,a: m ) = 6j- 

Jl,j2v>Jm-ieZ 

where & J1 j2,...jm-i e ^[^m]- Let m ^ 3. By the induction hypothesis for m — 1 it follows that 

oo 

f(xi, x 2 , . . . , x m ) = ^ b o,o,...,o,k( x i + %2 H V x m -i) k (39) 

Let y — x± + x 2 + • • • + £ m -i- Then y and x m are algebraically independent elements over the 
field K and from equality (39) it follows that f(x±,x 2 , . . . ,x m ) = Yl c ijV %x mi c i,j e K- 
Since p- = l, 4 L = jf-r L = 7f, I 1 = # L , thenfi = By the lemma 3 it follows that 

oxi ' ox i oy Oxi oy ' ox\ ox m 1 oy ox m J 

oo oo 

f(xi,x 2 , ■ ■ .,x m ) = c ,k(y + x m) k = co,fc(xi + x 2 + . . . + x m ) k and therefore c , fc = a ,o,...,o,fc- 

fc=0 fe=0 

The equality (36) follows directly from(38). The equality (37) follows directly from (36). 

Lemma 4 is proved. ■ 

Lemma 5. Let A be an m x n rectangular matrix over a commutative ring and let m ^ n. Let 
(Hi, H 2 , . . . , H s )) be a fixed ordered partition of the set N m . Then 

s 

per(A)= nP^^l^l)' ( 4 °) 

(Ki,K 2 ,...,K a ),KiQN n , i=l 
IKiHHil.l^s 
KiC\Kj=0, l^i<j^s 

(s \ s 
nper^l^]))^'^ 1 (41) 

-v,.,v , r :. ,v,, s„. 1=1 ' 

KiC\Kj=0, l^i<j^s 



Proof of the theorem 4, independent of general theory. 

Let A = (a I n + aiP n ) <g> J k , Hi = (i — l)k + N k , i ^ i ^ n. Then from lemma 5 it follows 
that 

n 

per(A)= nP er ( A ^l^]) = 

(K!,K 2 ,...,K n ), KiC(i-l)k+N 2k , i=l 
K„C((n-l)fc+JV fc )UJV fc ,if i nK i ,-=0,l<i<j^n,|^i|=fe,l<i<n 

E ^per^i^f Uiff]) (42) 

(xfUfU™,^ 2 ) ,... ) ^ ) ^) ) ^C(i-l)fc+JV fc) l<i<n, 4=1 

(ftrf ) n^f ) )n(A'j 1) u_ft:j 2) )=0,i<j<j^n,|^ l (1) |+l^f ) l=fc:i<^™ 

We show that if iff C (i - l)k + N k , 1 ^ % «C n, iff C ifc + iV fc , 1 ^ i ^ n - 1, 
i# C N k , (iff U iff) n (iff U iff) = 0, 1 ^ i < j ^ n, |iff | + |iff | = k, 
l^i^n, then \k[ 1] \ = |iff ] = ... = |iff |. Let 1 < i < n - 1. Then |iff | + |iff | = k, 



K\% Ctk + N k , iff <Zik + N k , iff\ n iff = and therefore iff x C (ifc + iV fe ) \ iff. 
It follows that (iffj < fc - |iff | = |iff |, i. d. |iff | ^ (iffj for all i, 1 < i < ra - 1. 
So |iff | ^ |iff ] ^ ... ^ |iff |. Further, |iff | + |iff | = fc, iff C N k , iff C iV fc , 
iff n iff = 0, and therefore iff C iV t \ iff. Therefore |iff | < fc - |iff | and it 
follows that, k - |iff | = |iff | ^ k - |iff |, i. d. k - |iff | ^ k - \k[ 1] \. Therefore, 
|iff | > | iff |. Hence and from inequalities |iff | ^ |-ftf | > ... ^ \Kn \ it follows that 
|ifi| = |iff | = . . . = |iff |. We show that sets iff , iff, . . . , if f be defined uniquely by 
choice of sets iff, iff, . . . , iff. Really, from inclusions iff ! C ik + N k , iff C ik + iV fc and 
equalities |iff | + |iff | = fc, \K^\ = |iff | it follows that iff = (ik + N k ) \ k\% for all 
i, 1 ^ % ^ n — 1. From inclusions iff C 7V fe , iff C iV fc and equalities jiff | + | A'i 2 '' | = k, 
| iff | = | iff | it follows that iff = N k \ iff. From multilinear of the permanent of square 
matrix as function of columns it follows that 

per(A[^|iff U iff]) = af^af' per(J fc ) = kla^a^ 1 (43) 



Therefore 



per(A) = E Y\. k - a 

(K[ 1 \K( 1 \...,Ki 1) ),Kl 1) C(i-l)k+N k ,l^n, i=1 
\K?> \=\kV |=...=|K« I 



u l 



= E E (*!flo^~ , ) B = 

l^(l)l = l<)l = ... = l^)l 

fc 

E Card{(K{ 1) , i^, . . . , | C (z - + iV fc , 1 ^ 



n. 



1=0 

-d)i _ i^a) 



i^ 1) i = i^ 1) i = --- = i^ i) i=o-(^an n 



E ( k X (kWA-r = E (J) "(JblaJ-'ai)". (44) 



Theorem 32. Zet n ^ 1 and t ^ 1, let a , a t — 6e elements in a commutative ring with unity 
and let d = gcd(n, t) . Then 

k — 

per((a / n + a,P<) ® J fc ) = [(*!)f E ( J " ("J"' !)* ]' (45) 

i=o ^ ' 

Proof. From [1, lemma 3, p. 12] it follows that the matrix aQl n + a t P^ is permutation equivalent 
to direct sum of d matrices ao-^n/d + a>tPn/d- Therefore 



per((a /n + a*P*) <g> J fe ) = [per((a /„/d + a t P n/(i ) ® J fc )] d = [(/c!)" /d E 



fag-'^) n/d l d 



Theorem 33. Let ao,ai fre elements in a commutative ring with unity. Then for alln ^ 1 and 
fc > 1 



(a /„ + aiP n ) ® J } 

/ n 



n / 1 \ /lc — 1^ 

—r I K \ / l (i+l)modn 



X 



e n 

(4 1 ),4 1 ),... ) /l 1) ) ) (4 2) ,4 2) .-.4 2) )e{o J i,...,fc}" i=1 

if <min(fc-Z« ,fc-i« ,j mod J, K^n 

x ( ft <n 1 f')l)# , ' > aF' > I S' ,! '' + ' !!> ' (46) 

Proof. Let A = (ao/ n + a \Pn) ® Jki Hi = (i — 1)A; + N^, 1 ^ i ^ n. Then from the lemma it 



follows that 



R(x;A)= (flpexiAlHilKiY^x 



E \Ki\ 
i=l 



(K 1 ,K 2 ,...,K s ),K i c(i-l)k+N 2k ,l^n-l 
K n C{(n-l)k+N k )UN k ,K t r\Kj=0,l<i<j^n,\Ki\^k,l<^i^n 



E (npe^WIAf'uAf']))^' 1 ^" 1 ^'' 1 ' (47) 

E-f ) C(i-l)fc+AT fc ,l<j^n, 
iff ] Cik+N k , K^CNk 
(K ( i 1) UKl 2) )n(K^ 1) UK^ ) )=0,l^i<j^n, 

Let if = \Kf\, if = \Kf\, 1 < i < n. Then from the inclusions iff } C iA; + iV fc , iff\ Cik + 
+ N k , 1 < i ^ n - 1, iff } C 7V fc , iff > C iV fc it follows that iff ) C (ifc + iV fc ) \ iff^, 

Z {1) 

(i+l) modn' 



1 ^ i < n — 1, if™ 2 '* ^ N k \ Kf and therefore Zf^ ^ k — ZfL-, d . Since the choice 



of the sets Kf, 1 ^ i ^ n, realized independent from each other, then after selected sets 
iff \ . . . , iff \ the sets iff \ . . . , iff ^ also choose independent from each other with regard 
inclusions iff ) C (ik + N k ) \ k\% 1 ^ % < n - 1, iff ) C N k \ k[ 1] . From multilinear of the 
permanent of an k x /, rectangular matrix if k ^ Z, as function of columns it follows that 



VeHAH, | Kf » U iff']) = ( W| * W| ) + |Af |)l) . «j?*\<' 



Therefore 



«(^> = E (II { ) ill 

(^1 ^2 '"-^n )i (^l '"-^n )^{0il;---i^} n 



j = l \ I / \j = l 



ft 1 (i+l) modn , 

z (2) 



if )<min(fc-lf),fc-/W 1)mod J, l<i<n 



e n 

(i( 1 \4 1 ),... ) i^) ) (i«4 a ) 1 ...4 2) )6{o,i,..,fcr i=1 

'. ?) ^inM 1) .*-i(ili) m od„). 1 < i <» 



E (II 



x(((f» + if»)!)#' ««• *£«■ + '- 1 

if { Z< 2 > {lf + lf X 



* (fc ( V /«)!)«* ' # ^ + << >, (48) 



Since zf } > min(A; - if, k - Z ( ( f 1)mod J, then 



Lemma 6. Let A be an m x n rectangular matrix over a commutative ring with unity and 
m > n. Let (Hi, H2, . . . , H s ) be a fixed ordered partition of the set N m . Then 

s 

per(A) = HveriAiHilKi)), (49) 

{Kx,K2,...,K s ),KiCN n , i=l 
\K 1 \+\K 2 \+-+\K B \=n,K i nKj=0,l^i<j^s 

JJper^l^DUS'^' (50) 

mi.a: n..,.,v,, 1=1 ' 

|Ki|<|Hi|,l^i<s 
K i r]K ] =0, l^i<j^s 



Lemma 7. Let A be an m x n rectangular matrix over a commutative ring with unity and 
let H be a subset of the set N m . Then 

R(x;A) = pex(A[H\K))x^R(x;A[N m \H\N n \K)) (51) 

kCN n , \K\4\H\ 

Proof. From the lemmas [5] and [H] it follows that 
R(x; A) = per(A[H \ K\) Yl P^(A[N m \ H \ L})x m+W = 

kCN n , \K\^\H\ LCN„\K, \L\^\N m \H\ 

pei(A[H\K})x w ( pei(A[N m \H\L])x lL ^ = 

kCN„,\K\^\H\ LCN„\K, \L\^\N m \H\ ' 

= per(A[H\K])xWR(x;A[N m \H\N n \K}). (52) 

kCN n , \K\^\H\ 



Let ^ r ^ kt and let k ^ 1, t ^ 0. On the set G t we define a square matrix 

|W '- 



A r t (a , ai, . . . , a t ) - ( a a,p)u,peG[ k] 



as 



follows: j,(a ) = fc!a§. if t > 1 and a = (l {h) , 2< /2 \ . . . , G G% If s < r, then 

i-l 

£=1 

if 0= ( 1 < fc_w+ 2l J,i > > 2 <*i-Pi>, 3<fa-pa>, . . . , t<it-i-JH-i>Y < Zi 



(53) 



1 ^ i ^ £ — 1, max^J^ pj, s — r + — l t ) ^ v ^ k — l t , 
0, in all other cases. 



If s > r, then 



jfe! 



t-i 
v- J2 Vi 

l „Pl „P2 s.Pt-1 „k— v 



©©■••(f 1 )Li' 1> >c " 



a,/3 



if 0= ( l <fc " + £ Pi> ,2^-^),3^-«> t<i«-i-Pt-i> 



/t-i 



(54) 



1 ^ z ^ i — 1, max pj, — Zi J ?C min(fc, s — r + k — It), 
0, in all other cases. 



Theorem 34. Let t ^ and let do, ai, . . . , a t be an elements in a commutative ring with unity, 
let n ^ 1, k ^ 1, let ^ r ^ fcmin(n, i) ; /et /3 G G-,^. , t y, m = min(n, t). Then for all 



a G G 



[k] 



P er (((E a ^ T «i) ® J *) I fc(l <fc - m ^)\2< fc - m ^)\...,m< fc - m ^)\ 

m/c + 1, mfc + 2, . . . , n/c, n/c + fca)] J 



min(n,t) , * i 

k 



n 



1 \ m (3{h 



min(n,t) 



e n 



{7}2{/3} 



{A^(a , ai ,...,a t )) n [L(a) \ L(j)] (55) 



From lemmas [5] and it follows that 



Lemma 8. Let A be an m x n rectangular matrix over a commutative ring with unity. Let 
(Hi, H 2 , . . . , H s ) be a fixed ordered partition of the set N m . Then 



per(.A) 



l[pex(A[H i | K t ]), 



(Ki,K 3 ,...,K e ) t KiCN n , i=1 
\Ki\^\Hi\,1^8 

s 

Kir\Kj=0,l^.i<j^s, \Ki\=mm(m,n) 



R(x; A) 



£ 



Hper(A[H i \K i }))x£ lK 



(K 1 ,K 2 ,...,K s ),KiCN n , X *=l 
|KiK|fli|,l^s 
K t nKj=0, l^i<j^s 



(56) 



(57) 
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